Abstract: We will review some known exact solutions for the steady state of the open quantum Heisenberg XXZ spin chain coupled to a pair of baths [1] . The dynamics is modelled by the Lindblad master equation. We also review how to calculate some relevant physical observables and provide the statistics of spin current assuming the spin chain is weakly coupled to the baths [2] .
INTRODUCTION
In out-of-equilibrium physics the properties of the long time limit of systems are of paramount importance. Generically, systems when driven out-of-equilibrium return to equilibrium after sufficiently long times. However, cases when they do not are more interesting. There exists various setups which allow this. Here we will focus on systems driven out-of-equilibrium by a pair of infinite baths. The dynamics of the entire system+baths follows the standard Liouville-von Neumann equation,
which is impossible to solve. However, since we are only interested in the dynamics of the system with Hamiltonian, H, we can trace out the bath part. Then, if we invoke certain approximations, namely the Born-Markov and rotating wave approximation and assume that the coupling between the system and the baths is weak, we are left with the Lindblad master equation for the reduced system dynamics [3] ,
whereD is the non-unitary part of the dynamics representing the action of the baths on the system with socalled Lindblad jump operators L k , and Γ k are the coupling constants. It will be useful to define (ad H)ρ ≡ [H, ρ], where ad H is a linear superoperator acting on the space of operators). Of particular importance is the fixed point, or steady state, ρ ∞ ,
We will focus on this state for the Heisenberg XXZ spin chain of size n given by the Hamiltonian,
where σ α j are the standard Pauli matrices acting on site j. Namely,
and 1 k is the identity matrix of dimension k. The parameter ∆ is the anisotropy.
QUANTUM INTEGRABILITY
Referring to [4] consider the U q (sl 2 ) algebra, which is a quantum deformation of the sl 2 algebra and is defined by the standard q−deformed algebraic relations of its generators, s
given by a Verma module representation, S s
and characterised by a continuous spin parameter s,
where ϕ ∈ C is the spectral parameter. Note that S 1/2 corresponds to the physical space and S s to the "auxiliary space". Defining ∆ = cos(γ), q = exp(iγ), and, like
(where ⊗ p refers to the tensor product in physical space), one can show that the Sutherland equation holds,
= cos ϕ cos (γs
which is just the differential (in the spectral parameter ϕ) form of the famous Yang-Baxter equation.
MAXIMALLY DRIVEN OPEN XXZ SPIN CHAIN
Now we will present the results of Ref.
[1] using a more compact form developed e.g. in Ref. [4] . Recall the Lindblad master equation, Eq. (2) and take two Lindblad jump operator acting on boundary sites 1 and n of the spin chain, L 1 and L n , representing a pure source and pure sink on the two ends,
where ε is the spin bath coupling. We are interested in the steady state of the system defined by Eq. (3), for which we take a now ubiquitous Cholesky-like ansatz,
with
where L(ϕ, s) is the Lax operator defined by Eq. (8). Plugging Eq. (12) into the equation for the steady state Eq. (3) and using the Sutherland equation Eq. (9) we are left with 10 boundary equations which we can solve for the spin parameter s and the spectral parameter ϕ. The solution is unique and is given by
In the isotropic case ∆ = 1 (γ → 0) this reduces to,
From now on, since we have calculated ϕ and s we will write for simplicity L := L(ϕ, s). Since we know the steady state density operator explicitly we can compute the expectation values of observables in the long time limit.
EXPECTATION VALUES OF OBSERVABLES
We are interested in the expectation value of a local observable O in the long time limit,
Now that we know the matrix product state form of the steady state ρ ∞ explicitly, these observables can be computed efficiently numerically for arbitrary system size n, as well as, in certain cases, their exact analytical expression in the thermodynamic limit, n → ∞. First let us define, following Eq. (12), a double Lax oper-
where ⊗ a refers to a tensor product of a pair of auxiliary spaces.
For simplicity we will focus on only the two of the most relevant observables, the spin profile σ z k and spin current, j
) . To calculate these expectation values we will utilise three operators defined using Eq. (12),
where the (partial) trace and the outer product are taken with respect to the physical space only. We will write |0 ⊗ a |0 := |0 Furthermore, we should define the trace of the un-normalised steady-state density operator as the non equilibrium partition function,
The first useful relation between these operators, which can be shown using the algebraic relations Eq. (6), and which manifests the continuity equation for σ z k is,
which leads to a result first seen in related classical asymmetric exclusion process models [5] ,
The operators T, V have effective finite rank m + 1 for a dense set of anisotropies given by rational numbers l/m, γ = πl/m, (recall that ∆ = cos(γ)) which densely cover the easy-plane regime |∆| < 1. This allows for closed form expressions for small m where we can diagonalize these operators analytically. For example, for ∆ = 1/2 = cos π/3, in the thermodynamic limit, one finds flat spin profiles and can prove ballistic transport by explicitly computing the limit (see Fig. 1 )
. In contrast, in the the easy-axis regime |∆| > 1, where the before-used effective truncation of the auxiliary space is not possible, one finds an asymptotically exponentially decaying current and hence insulating behaviour, J ∝ (|∆| + √ ∆ 2 − 1) −n (Fig. 1b-inset) with consistent kinkshaped magnetization profiles (Fig. 1a) . 
in the main panels (a,b), and
Finally let us examine the critical isotropic point ∆ = 1, s = 4i ε . We will utilise a useful algebraic relation between T and V,
We will also need,
where α is a constant, and the boundary conditions,
Then we can multiply the algebraic relation Eq. (25) by 0|T j−1 from the left, and T n−j−2 |0 from the right and use Eq. (26) and the boundary equations from Eq. 
FULL COUNTING STATISTICS
In this section we present the results from Ref. [2] . Another interesting question concerning observables, with them being probabilistic in nature, is what are, not only their expectation values, but all other higher moments as well? The most relevant physical observable out-ofequilibrium is the current of some quantity. It is very challenging to study these fluctuation properties of the current which in general depend not only on the (asymptotic) steady state of the system, but also on the correlations at earlier times. Therefore, our knowledge of the steady state density operator is not enough to compute the higher moments of spin current, J, even though it is enough to compute just J , as shown in the previous section.
Spin current is the flow of magnetization, M := n j=1 σ z j . That is, if we label the amount M transported in time t from the first bath to the second bath by N (t) then in the long time limit, J = lim t→∞ 1 2t N (t). Magnetization is conserved by the Hamiltonian, but is changed by the Lindblad jump operators, Eq. (2). Therefore, the Lindblad jump operators are the ones which drive the current through the system. One approach to this problem, using master equations, which has attracted a lot of attention quite recently [6] [7] [8] [9] [10] [11] , is the method of so-called "full counting statistics" by utilising a "counting field". In order to use this method first let us split the dissipator in the Lindblad master equation Eq. (2) into a jump part and a dissipative part,
Depending on whether L m changes magnetization M by ±1, i.e., [M, L m ] = ±L m , one modifies the jump part of the dissipatorD jump by introducing a counting field, χ,
which counts how many times a certain Lindblad jump operator has driven the current in either the left (+) or right (-) direction. With this modification in place one can show that the cumulants of the current are given by,
Here λ(χ) is a leading eigenvalue (of maximal real part) of the modified Liouvillean,
The full proof of this statement is rather long [12] , however it may be intuitively understood by observing a reduced density matrix ρ N (t), that is ρ(t) projected to a subspace of N spin-transfers between the two baths in time t. The trace of this, P N (t) = trρ N (t), is the probability of N spin transfers in time t. By performing a Fourier transform (in N ) of this reduced density matrix, ρ(χ, t) = N ρ N (t)e −iχN , it may then be shown (by observing the action of the generator of the time evolution) that the Lindblad master equation, Eq. (2), has the jump superoperator modified,D jump χ ρ := µ,ν e iµνχ L µ,ν ρL † µ,ν , so that it depends on the counting field χ and in which direction (µν) a specific Lindblad operator L µ,ν drives the flow. Furthermore, if we normalize trρ(χ, t = 0) = 1, the largest eigenvalue of the Liouvillian, λ(χ), corresponds to the cumulant generating function for the current distribution in the long time limit [12] , since for large t, ρ(χ, t) ≈ e λ(χ)t ρ(χ, t = 0). When we take H = H XXZ , Eq. (4) and maximal driving driving, Eq. (11) finding λ(χ) analytically seems impossible. However, we are in good shape since one of the assumptions when deriving the Lindblad master equation is that the system-bath coupling ε is weak. This allows us to perform a perturbation series expansion in ε. Quite remarkably, when we do this we find universal results, in the leading order for the full counting statistics of spin current, not just for H XXZ , but for any parity symmetric Hamiltonian, H. This condition means that there exists an operator P , with P 2 = 1 , such that P H = HP , and satisfying at least one of the following properties
with an additional weak requirement, namely that also all conserved operators, Q k ( ad HQ k = 0), are parity symmetric [P, Q k ] = 0. We can also drop the requirement of maximal driving via Lindblad jump operators, Eq. (11) and instead use the most general set of Lindblad jump operators acting on site 1 and n,
See Fig. 3 for a graphic illustration. We will assume that the conditions of Evans theorem hold (or the Liouvillean can be symmetry reduced [13] ) so the fixed point ρ(χ) is unique. We perform a perturbation series in ε (using the fact that λ(χ) is an odd function of ε),
Plugging this into Eq. (31) (definingD χ :=D jump χ + D diss ) one arrives to two equations for the first two orders in ε,
where f (n) = L| T n |R − L| T n−1 |R and T is exactly the transfer matrix from Ref. [15] , acting on auxiliary Hilbert space with two ground-state vectors |R and |L (for details of how to derive this transfer matrix see also [14] ). We can again compute f (n) efficiently for any anisotropy ∆ of the form ∆ = cos(πl/m), l, m ∈ Z. For instance, for ∆ = 1, we have, f (n) = n−1, and for ∆ = 1/2, f (n) = 1 45 (−1) −n 8 1−n (5(−8) n − 6(−5) n + 10). Finally we contrast our results with a spin system which does not fulfil the parity symmetry requirement from Eq. (32), namely a XXZ spin chain in a staggered field as shown in Fig. 3 
CONCLUSIONS
We have shown how to find the steady state analytically for the Heisenberg XXZ spin chain undergoing maximum driving under the Lindblad master equation and compute the spin current, J and magnetization profiles σ z k . Depending on the value of the anisotropy ∆ we find, in the thermodynamic limit n → ∞, either ballistic (for a dense subset of |∆| < 1), insulating (for |∆| > 1), or anomalous transport (∆ = 1) with the spin current J decaying as J ∝ 1/n 2 . We have also shown what the universal results in leading order of perturbation in system-bath coupling ε for the full counting statistics of spin current for any driving acting on the boundary sites 1 and n only are, as well as the next-to-leading order corrections for the Heisenberg XXZ spin chain undergoing symmetric driving. 
